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Abstract 

We derive all the 0{p^) Chiral Perturbation Theory low-energy constants from a class of gravity 
dual models of QCD described by the Yang-Mills and Chern-Simons Lagrangian terms, with 
the chiral symmetry broken through boundary conditions in the infrared. All the constants of 
the odd intrinsic parity sector are universally determined by those at 0{p^) in the even sector, 
together with an extra resonance term. A few relations for the even sector couplings are also 
extracted. Our estimates reasonably agree with the few available 0{p^) determinations from 
alternative phenomenological analyses. Some of the relations between low-energy constants are 
the manifestation, at large distances, of universal relations that we find between form factors in 
the even and odd sectors, e.g., between the 7* — >• tttt and vr — )• 77* matrix elements. 
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I. INTRODUCTION 



Chiral symmetry is a crucial ingredient for the understanding of the hght quark inter- 
actions. The low-energy dynamics of the pseudo-Goldstone bosons from the spontaneous 
symmetry breaking is provided by the corresponding effective field theory (EFT), Chiral 
Perturbation Theory (xPTV, with a perturbative expansion in powers of light quark masses 
and external momenta [l-4|. This allows a systematic description of the long-distance 
regime of QCD, at energies below the lightest resonance mass. The precision required 
in present phenomenological applications makes necessary to include corrections of 0{p^). 
While many two-loop xPT calculations have been already carried out {5,6], the large num- 
ber of unknown low-energy constants (LECs) appearing at this order puts a limit to the 
achievable accuracy. The determination of these xPT couplings is compulsory to further 
progress in our understanding of strong interactions at low energies. Various techniques 
have allowed the determination of some 0{p^) LECs: direct comparison of next-to- next- 
leading order (NNLO) xPT computations and experiment [7|, l8|, sum rules and dispersion 



relations M 



Pade approximants 12|, ll3|, resonance chiral Lagrangians IJ, llSj, Dyson- 



Schwinger equation (DSE) |l6l. Il7|. 

In this paper we study the LECs in a class of holographic theories, which was first 



proposed in ref. |l8| . based on early ideas of dimensional deconstruction 

mm 

and hidden 



local symmetry 



2l| . Later, an explicit model of this kind was constructed from string 



theory , in which chiral symmetry breaking was implemented geometrically through the 
embedding of the flavor branes I22]. At the same time, it was realized that chiral symm etry 
breaking can actually be induced by different boundary conditions (b.c.) in the infrared 23 |. 
In this kind of models, the chiral Lagrangian up to order is automatically accommodated, 
both of the even intrinsic parity sector 23|] and of the odd sector 22, l2J]. Moreover, the 



23 



25| , and agree quite well with 



predictions for 0{p^) LECs have slight model dependence 
the experimental data. This success at 0{p^) has motivated the present study of the 0{p^) 
LECs within the same class of models. There are also other holographic calculations of the 



LECs 



26| in another framework involving the quark condensate 26|, [27 1 . 



The other motivation for our study is that this kind of models have recently led to an 
interesting relation between the left-right quark current correlator IIlr{Q'^) and the trans- 
verse part wt{Q'^) of the anomalous AVV Green's function, the so-called Son-Yamamoto 



2 



relation [28[ . The relation does not depend on the details of the different models among this 
class, showing some kind of universality. When extrapolated to the large momentum region 
and combined with the results of the operator product expansion in QCD, the relation gives 
;he same prediction of the magnetic susceptibility as the early prediction by Vainshtein 



29|. However, while the power correction on the Ur. RiQ ^) side can be included |28l. l30l. l31| 



through the dual scalar field of the quark condensate [26|, |27| , the holographic description of 
the power corrections in wriQ"^) is still unclear, making the naive extrapolation ambiguous. 
For recent studies along this line, see j32-35|. 

The corresponding analysis at low energies yields a relation between the even- 
parity xPT coupling LiQ and the 0{p^) odd-intrinsic-parity coupling w hich, respectively. 



rule the left-right and AVV Green's functions at large distances 



36 



37|. Numerically this 



relation is reasonably well satisfied at low energies [30|. Through a detailed analysis of the 
0{p^) predictions for the LECs of the odd-intrinsic parity sector in this kind of models, we 
find further relations between the remaining LECs Cj^ and the O^p"^) chiral couplings from 
the even-parity sector. A few relations among the 0{p^) LECs in the even sector have also 
been found. 

At this stage, one may wonder whether these relations between even and odd sector LECs 
hint a more general interplay between even-parity and anomalous QCD amplitudes. Here 
we have focused on the odd couplings and C^, which can be directly related to the 
transition of a pion into two photons and two axial-vector currents, respectively. We shall 
show that the former amplitude can be related to the vector form factor of the pion and the 
latter to the axial- vector form factor into three pions 38|, [391]. The relation involving the 



40 



vector form factor has already been found in two specific models 

In Sec. HI] we provide the details of the class of holographic models employed in our 
analysis, and review the previous results for the 0{p'^) and 0{p'^) LECs. In Sec. IIIII the 
NNLO chiral couplings are computed, with the help of a series of novel sum rules involving 
the resonance couplings. In addition, we shall check how well these sum rules are saturated 
by the lightest resonances. The two relations between the the form factors of the pion in 
the even and odd sector are derived in Sec. IIVI Our conclusions are gathered in Sec. |Vl 
Some technical details about the different h olog raphic models are collected in Appendix |Al 



In Appendix [B] we study the proposal in ref. 



35| that the Son-Yamamoto relation could hold 



at the loop level: we show that the amplitudes in general do not match beyond tree-level. 
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II. THE HOLOGRAPHIC MODEL 



The 5D action 



In the kind of models studied in this paper, with the chiral symmetry broken through 



b.c.'s, the action is composed by the Yang-Mills (YM) and C 



describing the even and anomalous QCD sectors, respectively 

S = Sym + Scs 
(fxtr 



lern-Simons (CS) terms. 



18 



22 



2i- 



5'ym 
Scs 



1 



-K i tr 



(1) 
(2) 

(3) 



The fifth coordinate z runs from —zq to zq with < 2:0 < +00. A{x,z) = Audx is the 
5D U(A''/) gauge field and J-" = dA — lA /\ A is the field strength. They are decomposed as 
A = A^f^ and J" = J^'^t'^, with the normahzation of the generators TT{tH''} = 5"^ /2. The 
coefficient k = A''c/(247r^), with A^^ the number of colors, is fixed by the chiral anomaly of 
QCD 42l-l44| ■ The functions f'^{z) and g'^{z) are invariant under the refiection z — t- —z so 
that parity can be properly defined in the model. In Appendix lA] we provide their explicit 
definitions for the models we analyze here: fiat metric 18|, "Cosh" model [isl, hard wall 23 1 
and the Sakai-Sugimoto (SS) model |22l. |24|. 

As first shown in ref. 18|, chiral symmetry can be realized as a 5D gauge symmetry 
localized on the two boundaries at z = ±zo. The gauging of the chiral symmetry allows one 
to naturally introduce the corresponding right and left current sources, respectively r^(x) 



and 



The Goldstone bosons are contained in the gauge component Az and can be 



parameterized through the chiral field U as 

U (x^) = P exp < 2 

which transforms as 



Azixf',z')dz' 



(4) 



(5) 



Uix) gR{x)U{x)gl{x) 

with and gR^x) the gauge transformations located a.t z = —zq and z = Zq, respectively. 

The vector/axial- vector resonances are contained in the gauge field components Afj,, 



A^{x,z) = i^,{x)ij4z) + r^{x)Mz) + ^4")(a;)^n(^) 



(6) 



n=l 



with the UV boundary conditions 



A^,{x,-zo) = if,{x) , A^{x,zo) = r^{x) . (7) 



Note that the above boundary conditions are different from those in refs. 2S, |28|, and 
correspondingly the sign of the CS action is different. 

The resonance wave-functions ipniz) are provided by the normahzable eigenfunctions of 
the equation of motion for the transverse part of the gauge field, 

-g\z)d,[f\z)d,A,{q,z)] = q'A,{q,z), (8) 

with the resonance masses given by the eigenvalues = m^, with b.c.'s ■?/'„(±Zo) = 0. 
The 4D metric signature (+, — , — , — ) is assumed all along the article. In order to have 
canonically normalized kinetic terms for the resonance fields in the later derivation, the 
orthogonal wave-functions are chosen to be normalized in the form 

——1pn{z)lpm{z) dz = 5nm , (9) 

leading to the completeness condition, 

oo _ 

V —-ij^{z)Mz') = S{z - z') . (10) 

In addition, one has 4'±{z) = |(1 ± ipoiz)), where ipoiz) is the solution of the EoM at 
= with b.c.'s ipo{±zo) = ±1. It is non-normalizable and will provide the chiral Goldstone 
wave-function. 

The solutions ipniz) are even (odd) functions of z when n is odd (even). Thus, the modes 
with odd n describe vector excitations = Bj^"'^^ with m^„ = ml,^_^, and those with even 
n correspond to axial- vector resonances in an analogous way. 

We consider the convenient 5D gauge Az = 0, which can be achieved through the trans- 
formation Am — ^ gAMd'^ + igduQ'^ with 

5,-i(x, z) = Pexp |i f dz'Az{x,z') \ . (11) 







The value of this transformation on the UV branes is given by S,r(l){x) = g ^{x, ^zq), which 



now encode the original information from Az- The chiral Goldstones can be then non-linearly 

it = = p^T.i,v"tv/^} i5,y,Q, 



realized through the coset representative C,r{x) = (.l^xY = u{n) = expjivr" 
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15|. Conversely, after the gauge transformation the space-time components of the 5D field 



in eq. 06]) takes the form 



/ N oo oo 

A,{X, Z) = tT,{x) + ^^o(^) + <(^)V'2n-l(^) + Yl «M(^)^2n(^) , (12) 



n=l n=l 

where the commonly used tensors from xPT jsl, IgI, , u^{x) and r^(a;), show up natu- 

rally: 

u, (x) ^ i (x) {d, - ir,) U (x) - (x) {d, - a,) a (x) } (13) 

(^) ^li^R (^) (9, - ir,) {x) + ei (x) id, - a,) a (x) } . (14) 

Sometimes it is more convenient to work with the bulk-to-boundary propagators for 
the transverse part of the gauge field, rather than in the meson decomposition. These 
propagators are the solutions of eq. ([8]) for a general Euclidean squared momentum = 
— g^, with b.c.'s V{Q, i^o) = 1 and A{Q, ±Zo) = ±1 (Q = \/Q^)- They can be nonetheless 
expressed by means of the on-shell state decomposition in terms of the infinite summation 

n=l ^ " n=l ^ " 

with the decay constants given as 

= -f{z)d,i^2n-l{z) \tZ , ga- = - f\z)M^)d,i^2n{z) • (16) 

When goes to 0, we have V{Q, 2) — )■ 1 and A{Q, z) — )■ iPq{z), which have been used before. 
Alternatively, one can use the Green function G{Q^\ z, z'), which satisfies the equation 

g\z)d,[f\z)dMQ'; ^, ^')] - Q'G{Q'; z, z') = -g\z)6{z - /), (17) 

together with the same UV boundary conditions as the ipn- With the completeness condition 
of the resonances, the Green function can be solved as 

n=l " 

Therefore, the bulk-to-boundary propagators defined above are related to the Green function 

as 



A{Q.z) = -f\z')Mz)d,G{Q'-z,z%ZtZ. (19) 
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Contrarily, once the propagators are known the Green function can be immediately obtained: 

G{Q\z,z') = ^^^^[(V{Q,z) - A{Q,z)){V{Q,z') + A{Q,z'))0{z - z') 

+ (y(Q, z) + A{Q, z)){V{Q, z') - A{Q, z'))e{z' - z)\ . (20) 

Here Vr(Q^) is the Wronskian of eq. ([H]) 

W{Q^) = fiz)[ViQ, z)d,AiQ, z) - A{Q, z)d,V{Q, z)], (21) 

which is independent of z. At zero momentum W{Q) = and the Green function 

simphfies 

G(o, z, z') = ^[{1- M^m + M^'mz - z') + (1 - M^'m + M^m^' - ^)] • (22) 

B. The chiral couplings at 0{p'^) and 0{p^) 

Once we have rewritten the 5D fields in terms of the chiral Goldstones and vector and 
axial-vector resonances, the derivation of the meson Lagrangian is rather straightforward. 
We consider the 5D gauge Az = ^ and substitute the decomposition provided in eq. f lT2|) 
in the 5D action ([1]). The Lagrangian is now expressed in terms of meson fields (^/j^i(x),f^(x), 
a^(x)) and the left and right current sources (r^(x), i'^(x)). Each of these terms of the action 
shows then a factorization into an integration over the fifth dimension, which provides the 
meson coupling, and an integration over the space-time components, which provides the 
chiral structure of the operator in the effective 4D action. 

Hence, after substituting the decomposition (fT2|) in the YM action, one gets the 



even-parity action without resonance fields 



22 



23|: 



r 

4 ^' 

+Li < U^U^ >^ +L2 < U^Uy X U^'u" > +L3 < U^U^UuUu > 

Hi 



(23) 



with the covariant tensors fl^" = ^^^i'^'^^L =t ^p^r^'^^ji containing the field-strengths 
and r^'^ of the left and right sources respectively. At low energies these terms provide 
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the Goldstone interaction at the dominant orders and produce the 0{p'^) and 0{p'^) xPT 
Lagrangian with the corresponding LECs given by the 5D integrals: 

''^illmr' '''' 

-20 



2 ^ 6 ^ 32J_,„ g^{z) 



Lg — — -^10 — ~ f — ~ — ^ 



The functions /^(-z) and g'^{z) have to satisfy some properties in order for these constants 
to be finite, with the exception of Hi. The numerical results for the O(p^) low energy 
constants in four different models are collected in Tabled In the last two lines of Tabled we 
also provide the 5D integrals 

which will appear in the next sections. 

Conversely, the substitution of the decomposition (fT2l) in the CS action produces 
some operators without resonances, with only Goldstone bosons, which give rise to the 



Wess-Zumino-Witten (WZW) action [22 



Swzw = -|^/ 2-i§f-J trtods-')^ (26) 

with the source-dependent terms 

Z = {{idi + di£-ti^){tU-^rU-U-^dU)-d£dU-h-U-ii{dU-^U)^-^{idU-^UY 

-UiU-^rdUdU-^ - mU-^Um^^rU + ^{m^^rUf) - p.c, (27) 

where "p. c." stands for the interchanges U o and £ r. 
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flat 


Cosh 


hard-wall 


Sakai-Sugimoto 


XPT 




[181 


[18] 


[23] 


[22, 24] 


[2-4] 


10^ Li 


0.5 


0.5 


0.5 


0.5 


0.9 ±0.3 


10^ L2 


1.0 


1.0 


1.0 


1.0 


1.7±0.7 


10^ L3 


-3.1 


-3.2 


-3.1 


-3.1 


-4.4 ±2.5 


10^ Lg 


5.2 


6.3 


6.8 


7.7 


7.4 ±0.7 


103 Lio 


-5.2 


-6.3 


-6.8 


-7.7 


-6.0 ±0.7 


103 Y 


0.5 


0.5 


0.5 


0.6 




103 Z 


0.6 


0.8 


1.0 


1.0 





TABLE I: Predictions for the 0{p^) low energy constants in various holographic models. The 5D 
integrals Y and Z are defined in eq. ([25]) and will be related to appropriate sum rules and the 
odd-sector 0{p^) LECs. The experimental determinations in \PT at 0{p'^) are provided in the 
last column for comparison j-|4]. 

III. CHIRAL COUPLINGS AT 

A. Resonance lagrangian 

We now proceed to compute the 0{p^) couplings at low energies. After substituting 
in terms of the meson decomposition f|T2l) . the 5D action ([1]) given by the YM and CS terms 
contains operators with only Goldstones of at most 0{p'^). In general we denote an operator 
as 0{p^) when it contains a number k of derivatives or external vector and axial-vector 
sources {vn,an ~ d^). The 0{p^) LECs are generated by the intermediate heavy resonance 
exchanges. More precisely, we need just the one-resonance exchanges as diagrams with a 
higher number of intermediate resonances will contribute to the low-energy xPT action at 
0{p^) or beyond (see Fig. [Tj). Hence, the only operators in the Lagrangian that interest us 
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FIG. 1: Examples for the different possible diagram contributing to the Goldstone interactions 
at low energies: a) 0{p^) and 0{p'^) local interaction, b) one-resonance exchange (contribution 
starting at 0{p^)), c) two or more resonance exchanges (contribution starting at 0{p^)). The 
single lines represent Goldstones and the double ones resonances. 



are those containing one resonance field: 



YM 



Kin. 



n 



)(28) 



YM 



1— res. 



)(29) 



^ 2 



cs 



1— res. 



X < — 



(30) 



with = t"'v'^'°', aJ^ = t"a|]'", and the summation over any possible n implicitly assumed. 
The covariant derivative is defined with the connection as . = + [r^, .]. The 
couplings are defined as 



20 



20 



V'2n-1 



dz . 



2n 



dz 



20 



20 



1p2n-l{l - Ipo) 



9\z) 



Co" 



-20 

i)li)'2n^Z . 

-20 



^7^(^) 

20 

',2„/,/ 



dz 



dz , 



V'oV'oV'2n-ldz 



(31) 
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Notice that the ayv^ are related to the decay constants (?^n, defined previously from the 
bulk-to-boundary propagator in eq. f|T6l) . in the form The same happens for 

a^a^. Likewise, by means of the ipn EoM's and their b.c.'s one can extract the relations 



^u" ~ nno ^v^TTTT 5 Ca" — ^„ ^a"7r3 ; (32) 

At the level of the generating functional, in order to compute the diagrams with intermediate 
resonances one must perform the functional integration over the resonance configurations. 
At the tree level this means that one has to find the classical solution f^[7r,£^,r^] and 
a|][7r, r^] for the resonance fields in terms of the external sources and the Goldstone 
fields, and then substitute it in the resonance action. In the LEG analysis in this article 
only the terms ( !29l) and ( l30l) are relevant. Moreover, since we are interested in the Goldstone 
interaction at long distances, we need the resonance field solutions in the low-energy limit. 
Thus, the resonance action yields for vector and axial-vector mesons the EoM's: 

If i i 



" 2m: 



If 1 i 



Pill 



u 



Pi 



+ ^c«"WK, , (34) 

where terms 0{p^ /mj^„) (with the derivatives and external vector and axial- vector sources 
counting as 0{p)) and two or more resonance fields are neglected on the right-hand side of 
the equations. 

By substituting the classical field solutions back into the resonance action from 
eqs. f l28|) -f l30|) . one integrates out the one- resonance intermediate exchanges at the gener- 
ating functional level and retrieves the corresponding 0{p^) Goldstone operators from the 
yPT Lagrangian. However, the obtained O(p^) Goldstone terms do not show up directly 
in the chiral basis of operators commonly used in xPT [5|, |6|, |45[ . In order to express our 
outcome in this form some care needs to be paid as the scalar /pseudoscalar source is ab- 
sent in our holographic model. First we expand our operators using the whole operator 

11 



set in refs 



45| and then we eliminate the terms of those operators involving the 
scalar/pseudoscalar source at the final step. In the even-parity sector we will see that in 
the absence of scalar/pseudoscalar sources it is possible to further reduce the size of 0{p^) 
operator basis. Conversely, from the study in [46] we find that in the odd-parity sector the 
0{p^) basis chosen in refs. 45|, |46| in the case when there are no scalar/pseudoscalar sources, 
is already minimal. 

B. Even and odd sector sum rules 

Now we discuss a series of sum rules which constrain the resonance couplings, some 
of which will be needed in the calculation of the LECs. They can be obtained through 
the 5D equation of motion ([8]) and the completeness condition ffTOj) . Indeed, by means of 
the expressions (13T|) for the resonance couplings, it is possible to introduce a double 5D 
integral in the infinite summation of resonance couplings. Then, thanks to the completeness 
condition (fTOl) . it is possible to eliminate the infinite resonance summation and one of the 
5D integrals. We are left with a 5D integral of appropriate products of wave-function ipQ, 
which can be in general related to the integrals that provide the 0{p'^) and 0{p'^) chiral 



couplings 23|, |2J] . Only in a few cases we were left with two new 5D integrals, Y and Z 



defined in fl25|) . For the resonance couplings in the YM part we have: 

oo oo oo oo 

ayj^„m^„ - ^ aAa""^a" = fl^ ~ 5Z ^ -4Lio , (35) 

n=l n=l n=l n=l 

oo oo 

'^^aVv"b^n^^mln = 2/^, ClVv^b^n^^ = 4:Lq , (36) 



n=l 71=1 

oo A £2 °° 



n=l n=l 
oo oo 



71=1 n=l 
oo . o2 ^ 

71=1 n=l 



with Z defined in eq. f l2^ . The sum rules f l5^ are related to the VV-AA correlator 18 |. 
The relations (1361) . ( 1371) . ( I38l) and ( l39ll stem from the vrvr vector form factor (VFF) [23I, the 



TTTT-scattering 



231], the TTTrvr axial- vector form factor (AFF) and the tttttt — ^ tttttt scattering 



respectively. The VV — AA correlator, VFF and TTTT-scattering sum rules have been already 
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studied within the holographic framework in previous works [23|, |2J] . The others involving 
the axial resonances are new. Especially we want to emphasize the two sum rules in eq. fl38|) . 
They are related to the AFF into tttttt, which will be studied in Sec. IIVI They can serve 
to improve the current phenomen olog ica. 



high-energy sum rule constraints 



38 



analyses on the tttttt-AFF, which employ similar 
|. The fifth couple of sum rules (1391) would allow 
us to provide a more physical meaning to the constant Z . Indeed, in the case when the 
summation is well defined one can use eq. fl39|) as an alternative definition of Z, in parallel 
with L\ in eq. (1371) . Notice that all the sum rules involving 6i,n,r7r and ha^-^z can be reexpressed 
in terms of c^n and through fl5^ . and then are relevant for some anomalous processes. 

For the other sum rules involving the anomalous couplings, only those containing c^n —d^n 
are independent due to the resonance coupling relations (1521) . They are found to be 



n=l 

oo 



oo 



15 ' 
68 



315/, 
2 

~ 3 



2 ' 



E 

n=l 

oo 

E 



1 

Of-, 



, (40Li - Z) , 



(Cj;»i — dy-n ) 



n=l 



'16Li-Z + Y), 



n=l 



2 



(40) 
(41) 
(42) 



The first two sum rules are related to a set of diagrams in the vector form factor into four 
pions, or tttt — > tttttt scattering replacing c^,™ with bj^n^^. The second two appear, for instance, 
in the scattering tttttt — )■ tttttt, while the last two can be related to the vector form factor 
into three pions. 

These sum rules perform a summation over the infinite tower of resonances, and in prin- 
ciple one may wonder how well the first terms of the series reproduce the full result. The 
reason is that, in spite of the fact of having an infinite number of hadrons in the large-iVp 
limit of QCD 47h49I|. in the majority of the hadronic analyses only the lightest states are 
taken into account, introducing a "truncation" error. Many authors have investigated the 
importance of the lightest resonances in the summation 
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50 



of the Weinberg sum rules 



54 



53l |. Since the development 



55j, the relations fl35|) - fj42l) have been truncated at their low- 



Some 



est orders and have been used to make predictions on hadronic phenomenology 
authors have nonetheless argued about the relevance of the tail of the series and the numer- 
ical (and also theoretical) impact of the higher terms of the series on the QCD amplitudes 
at low and intermediate energies 53 1. For this reason, we consider that the study of 
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the saturation of the presented sum rules may be useful for most of the phenomenologi 
cal studies, which only include the lightest hadrons. Indeed, the first constraints f l35|) -fl3 
have been previously obtained in the case of resonance Lagrangians from 



high-energy behavior of the VV — AA correlator {Fy — Fj=f^) 
{FyGv = /^) [l5| and the vrvr-scattering (3 = /|) 



15 



the analysis of the 



54 



56 



55j, the TTTT VFF 



couplings are related to those used in this paper through Fv 
Gv = 



571], where the corresponding 

= avpmp, Fa = aAa^ma^ and 



In Table [TTl we check how well the sum rules (135|) - (H2|) are saturated by the lightest 
resonance multiplets of vectors and axial-vectors. The second sum rule in every line in 
eqs. fl35l) - fH2]) is always much better saturated by the lightest meson than the first one, as it 
contains an extra l/m\n suppression. One can see that, in general, the first term of the series 
already provides a reasonable approximation. The only exception is the VV — AA Weinberg 
sum rules in eq. (!35|) . which is found to be badly convergent. Indeed, in the asymptotically 



anti-de Sitter (AdS) models we are studying ("Cosh" [18] and hard- wall 



23| ) the resonance 



masses and couplings scale, respectively, as m^„,m^„ ~ and 



~ n 



-1. 



the first 



WSR -first constraint in eq. ( 135|) - is not convergent and, even though the alternate series 
in the second sum rule in eq. fl35|) is convergent, it is not absolutely convergent ^. This kind 



of pathologies are softened in the case of soft-wall models with a quadratic dilaton 58l-l60| . 
as they recover the linear Regge trajectories m^„, m^„ ~ n and ay^„, a\^n ~ n~^. 



C. Odd-intrinsic parity LECs 



Now we are ready to show the results for the 0{p^) LECs in the odd sector. After 
expressing the outcome in the 0{p^) basis of odd-parity operators provided in ref. 45[, we 



The convergence behavior is shghtly better in the case of flat metric 18j and worse in the Sakai-Suginioto 



model 



22 



=r-f 



24| . In the flat model [18| one has the high-energy behavior 11 



for large n. On the other hand, in the Sakai-Sugimoto cas_e 
n'^. In all the holographic theories considered here 



o2 „2 



22, 



22 



1/Qand at,^„,ai„„ ~ 
2411 one has 11^,11^1^ ^ Q and 
24| the resonance masses behave 



like 



for high n. The dependence of the masses and couplings on the excitation number n 



in the different models can be found in Appendix. |^ 
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Flat 


Cosh 


Hard-wall 


Sakai-Sugimoto 


'2 '2 '2 '2 


99 % 


300 % 


350 % 


840 % 


n 

2 2 
^ ^Vp "-Aai 

n 


8 % 


34 % 


41 % 


110 % 


^ '^V p^p-KT^III'p 

n 


18 % 





-11 % 


-30 % 


p ^pTTTT 

n 


0.8 % 





-2 % 


-6 % 










^ pirn p 

n 


0.7 % 





0.7 % 


2 % 


1 2 

-| ^pTTTT 

n 


-0.6 % 





0.2 % 


1 % 




39 % 





-11 % 


-54 % 


(1, A^, h 

n 


8 % 





-3.4 % 


-15 % 










n 


8 % 





0.8 % 


6 % 


u2 

b -i 


2 % 





0.2 % 


2 % 


Cr,fc„ — (in) /tti^ 


2 % 





1.5 % 


4 % 


n 

C„n (c^n — ) / m^n 


0.3 % 





0.3 % 


1.4 % 


^ (cp - dpY/ml 


o /o 


n 1 % 

U.i /O 


o /o 


/O 


n 

^ (cp - dpf/m^p 


0.6 % 


-0.6 % 


0.6 % 


2 % 


-j^ "-^ypV P P/ 

^ ^ CLVv" (Ct)" — d^jii ) 


- 30 % 


- 20 % 


-30 % 


-50 % 










n 

avp(cp - dp)/m2 


- 5 % 


- 3 % 


-5 % 


-10 % 


n 











TABLE II: Analysis of the saturation of the sum rules (|35|) - (j42|) by the first resonance multi- 
plets p(770) and ai(1260). The denominators ;^^(...) represent the resummed expression for the 
summations from n = 1 up to oo provided in eqs. (j35p -(j42 p . 



obtain the predictions: 



i^/ Nr ~ 
riW ^ / c c c ^ 

-^c" / ^ c ^ 

^15 ^ 1 oq*^ 9 C^Svn^ + Svtt'-^ — SnVV) 

Nc 
1287r2 



1287r2 

/^W /Q ri Q Q C ^ 



1287r 



^20 — 7T77r~?(65'y^3 — 4S'^yy — 5",^^^) 



22 ~ 64^ 



C23 = i287r2 '^''^^' ^'^^^ 

with the summations over resonances, 

00 



00 00 

Tin, ,11 ^ Tn^n 

n=l " n=l " 

~" 00 , 



^ ^ > 2 

n.= l 71=1 



00 



^TT^ = -dy-}, ^A.^ = 2_^—-2 , (44) 

n=l " n=l " 



which one may find in the sum rules f l35l) - (l42l) with the help of the resonance coupling 
relations (132|) . Hence, all the odd intrinsic-parity LECs can be expressed through Li, Lg 
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and the constant Z (defined in (125 



N, 



c 



3847r2/.2 
5Nc 



C 



w 

16 



"^19 



'-'20 



'-"21 



w 

23 



Nc 

Nc 
1927r2/.2 

Nc 
3847r2/2 

Nc 

3847r2/.2 

967r2/2 

iVc 
1927r2/.2 

iVc 
1927r2/.2 

Nc 

327r2/.^ 



(40Li - Z) 
{4L^ - Lg) 



8Li - Lg) 
(52Li - Lg) 
(104Li - 8L9 - 7Z) 
(72Li - 6L9 - Z) 
(4Li - 3L9) 
(8OL1 - 7Lg) 

(12Li + Lg) 



{L9 



8L1). 



(45) 
(46) 
(47) 
(48) 
(49) 
(50) 
(51) 
(52) 
(53) 
(54) 
(55) 



967r2/.2 

The l/Nc subleading coupling and those related to operators with scalar /pseudoscalar 
sources do not appear. This set of equations provides a relation between the even and odd- 



24| . we recover 



parity sectors of QCD. Actually, taking into account that Lg = —Liq [23|, 

— 32^rt^o previously derived through the low-energy expansion of the 
Son-Yamamoto relation 



the result 



We provide in Table IIIII the numerical results for the four holographic models mentioned 
before. Among them, the "Cosh" model accommodates better the low-energy inputs and 
the required gauge coupling valu e needed to recover the right coefficient for the pQCD 
log of the two-points correlators 18|]. Thus we take this as our preferred set of estimates. 
Nonetheless, it is worthy to remark that the LEG predictions from the various models 
considered here are relatively stable, with variations between one and another of the order 
of ~ 1 • 10~^ GeV~^, similar to the renormalization /i scale dependence of the 0{p^) LECs 
in xPT 45] . In cases like C^, or the shift is pretty small, while for others like C^, 



or one sees larger oscillations depending on the models at hand. 
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Flat 


"Cosh" 


Hard-wall 


Sakai-Sugimoto 


'—'19 


-2.1 


-2.1 


-2.1 


-2.1 




-6.5 


-8.8 


-9.9 


-11.9 




-0.6 


-1.3 


-1.7 


-2.3 


io 


4.5 


4.4 


4.2 


4.0 


io 


0.9 


-0.2 


-0.8 


-1.6 


i / 


0.6 


-0.1 


-0.5 


-1.1 


rw 

iy 


-5.6 


-7.0 


-7.7 


-8.8 


r<w 


1.1 


-0.4 


-1.3 


-2.3 


'-"21 


2.4 


2.6 


2.7 


2.9 




6.5 


7.9 


8.6 


9.7 


'-"23 


0.4 


0.9 


1.1 


1.5 



TABLE III: Numerical results for the 0{p^) low energy constants in the odd sector from different 
holographic models. The 0{p^) LECs are in units of 10"'^ GeV~^. 

Along the years, many analyses have been devoted to the study of QCD amplitudes 



under the minimal hadronical approximation 



50l-l52|. where one considers just the lightest 



multiplets of resonances entering in the problem at hand. A recent study of the low-energy 
contributions from a general odd-intrinsic resonance Lagrangian with only the lightest meson 



multiplets has led to the relation 



62| 



2G 



'-"12 ~ -f^Vl'-"14 - '-'15 J 



V^22 



(56) 



One can verify that this is a direct consequence of our results f l43p when keeping only 
the lightest resonance multiplets in the sums dH]) involved. Since all the sums are well 
saturated by the lowest multiplets, as shown in the previous subsection, this relation should 
be reasonably satisfied with the exact values of the couplings. We have checked that this 
relation is pretty well fulfilled for various holographic models, with deviations that vary from 
1% in the flat background to 11% in the Sakai-Sugimoto model. 

One can also compare our predictions with previous phenomenological determinations in 
various frameworks. The full set of 0{p^) LECs was computed in ref. 17| by means of the 
DSE. Other approaches are based on the analysis of experimental decays and anomalous 
processes directly through xPT js], [g^], although in general the determinations are not very 
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"Cosh" 


DSE 
[17] 




CQM 

[8] 


Res. Lagr. 


VMD 




-2.1 


c 10+0.15 
^•^^"-•-0.25 






-4.3 ± 0.3 [61J 




lo 


-8.8 


— U.ol 


-70 ± 60 [8] 
-10 ± 70 [8] 


14± 15 
-7 ±20 




-20.0 [8] 


14 


-1.3 


-2.00+°-?6 

— U.IU 


30± 11 [8] 
1 ± 15 [8] 


10 ± 8 
-1 ± 10 




-6.0 [8] 




4.4 


^•-'-'-0.20 


-25 ± 24 [8] 
-3 ± 29 [8] 


20 ±7 
9± 10 




2.0 [8] 


"-"16 

cw 

"-"17 

"-"19 
"-"20 
21 


-0.2 
-0.1 
-7.0 
-0.4 
2.6 


q tro-l-O.lO 
"^•^°-0.17 

1.981HI; 

"-'•^^-0.01 

1 00+0.05 
-"^•"■J-O.OQ 

2.48+°-°5 

— 0.12 










"-"22 


7.9 


r: r)i+0.14 
^•'-'-'--0.24 


6.5 ± 0.8 [8] 
5.1 ±0.7 [81 

L J 

5.4 ± 0.8 [67] 


3.9 ±0.4 


8.0 [62] 
6.5 [66] 

L J 

8.1 ± 0.8 [68] 


8.0 [63-65] 


"-"23 


0.9 


9 7/1+0.08 
^- '^-0.13 


7.0tl:° [69] 









TABLE IV: Numerical results for the odd-intrinsic parity 0{p^) low energy constants within the 
"Cosh" model compared to alternative determinations in other frameworks: Dyson- Schwinger 



Equation (DSE) 



m xPT 



63], Constituent Chiral Quark Model (CQM) [sJ^Hidden Local 



Symmetry [6]|, Resonance Chiral Theory 
Meson Dominance (VMD) 



m 



h 



691 ]. rational approximations [68] and Vector 
63|-l65|]. The ©(/) LECs are given in units of 10"^ GeV"^. 



ECs by considering 



61 



62 



66|. rational 



precise except for C^. Alternatively, several authors have estimated 
just the lightest multiplet of resonances in the effective Lagrangian 
approximations ]j68|] and the assumption of vector meson dominance (VMD) 
these results are compared in Table HVl There are some couplings (C|^...C^, C^) that, 
except for the DSE computation [l3] , are completely unknown, so that the present work may 



63 



m. All 



help further explorations of anomalous QCD amplitudes. One has to take into account that 
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variations of the renormalization scale /i induce shifts in the physical 0{p^) chiral couplings 



in the form 



45| 



w 



Vk 
327r 



2 ' 



(57) 



with 



Vk 



327r2 



1 ■ 10-3 GeV-2 



45| . Hence, no comparison to a large- A^^c estimate can claim 



an absolute precision beyond that. In most cases, we find a reasonable agreement with the 
few previous determinations. Some LECs like and agree extremely well with the 
DSE determinations. Conversely, the predictions for other couplings like seem to be far 
more spread. In any case, with the exception of which is relatively well know from the 
71-0 _j, (^QQoy^ i^j^g remaining estimates carry large uncertainties, if known at all, so our 
results are expected to be of help for the development of the study of the anomalous sector 
of QCD. 



D. Even-intrinsic parity LECs 

For the even-parity sector we proceed in a similar way. Our results for the constants in 
the three-flavor notation are listed in Tab. El 

Here the chiral couplings are given in terms of the summations over resonance exchanges, 



oo 



2 °° h °° h'^ 

>^VV — / , 2~ ' >^VT7n — / ^ 2 , >J7r4 — / ^ 2~ ' 

n=l ^ n=l ^ 71=1 ^ 

CO 2 ^ X, 1^2 

- 1^ ^ ' - 1^ — ' -^ttS - 2^ —or ■ 158) 

n=l " n=l " n=l " 

With the help of the decomposition ( ITSjl of the Green function, we can write these sums in 
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4 OZ " 


C59 


1 c* 1 c 1 


Cs 


ID 




10 OZ " ID 


Ca 


ID OZ 


Cm 


10 OZ " ID 


C40 


1 C . ^ Q 1 ^ ■ 

4 OZ OZ " 


C70 


n^AA ~\~ Q'S'47,3 09 5*7,4 -\(;Sy-jxTT ~\~ aSyy -\- ARnan^i fi 

^i^^ g ^/i ^z " 10 40UoU7r 


C42 


1 c 1 c 1 e - 1 ^'^^c 

oz oZ " oUo4U7r 


C72 


^^^i ID ID * a 4DUoU7r 


C44 


1 e .1 1 c lie- I'^^c 

z io " " 4UozU7r 


C73 


o'S'aA 9'S'47r3 a'S'l/TTTr s'^'vi/ 090/10^4 fli 


C46 


1 q 

oUo4U7r 


C74 


+ S'^'att^ ~ i^'S'7r4 — \SyT^T^ — \Syy 


C47 


1 c „ 1 Q . 1 ^"^^c 

4 10 4UozU7r 


C76 


S'S'aA + A^A-K'^ "l~ 8'S'7,4 + oSyy ARnQn^if'i 


C48 


1 r. 1 Q 1 
ID oZ " iyZUTT 


C78 


— ^iSaa + jQSyTTTT + \Syy 


C50 


/I '^/\7r3 ~\~ Q^VnTT ~\~ ofin-TT-4 -f 1^ 
4 * " " yoUTT 


C79 


~'k^AA ~ TK^Vinr + hSyy 


C51 




C87 


— I'S'aa + ^'S'vy 

o o 


C52 


Q ^ V TVTT 1 00(111-4 f il 
*- " " lyZUTT^/^ 


Css 




C53 


l"fi5'AA Ifi^'yTTTT -\f\SYY + on79„4 f 
±U J-U _LU OU / ZTT ^ 


Csg 


— 3'S'aa + fS'^TTTT + i'S'yy 


C55 


is'S'aa + iQSvTvn + le'S'yy + 3072^1/2 


C92 




C56 


^SaA sSvtttt+sSvV 153671-*/^ 


C93 


-jSyy 


C57 


— |5'aa + \SvTnT + ^Svv 







TABLE V: Holographic predictions for the 0{p^) LECs in the even sector. 



the form 



"+^0 r+ZO riiPi -y ■yl\^^ _ oU.( -y\'i'\ 

Sy^^ = I dz dz' 



Zo J -20 



g\z)g\z') 

,G(0,z,z')(l-^o(^)') 



g^{z)g\z') 



zo -zo 

+ ZQ P + ZQ 



-zo J-zo g^{z)g^[z') 

= ' 20 'v-20 mm 



zo -J -20 



They can be calculated through the expression (122|) once is known. In deriving the low 
energy constants in Tab. |V]we have also used the sum rules (jlOl) and (HTj) . which allow us 
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to express all the contributions from the odd intrinsic parity resonance sector in terms of 
just /tt. These odd-sector terms were not considered in previous R^T estimates of the 0{jP) 



70 



chiral couplings 

In Tab. |V]we find contributions for all the even-sector xPT operators at 0{p^) which do 
not contain scalar /pseudoscalar sources except for a few of them: 



— C2 — C41 — C43 — C45 — C49 — C54 — C58 

60 — t^67 — t^68 — tv71 — tv75 — ^'77 • 



(60) 



They correspond to multi-trace operators and are suppressed by I/Nq- In addition, we 
obtain C90 = 0, which we want to discuss here in more details. If scalar-pseudoscalar 
sources x ^I's not included in xPT (x = 0), the basis of OijP) even operators can be further 
simplified beyond the trivial simplifications C5, ...39 = C6i,...65 = C'so, ...86 = (^91,94 = 0. In 
the usualyPT computation with scalar-pseudoscalar sources we have the SU{?>) operator 
relation p, [g] 



O50 + (^51 - - -053 



+ ^063 + 065 + ^0104 



2055 — 056 + 2057 — 2^59 
-076 + 2^78 ~ 2^''^ ^ " 



(61) 



with X- = V^X- ~ f Is, 6|. The operators in the second bracket on the right-hand 

side of ( 161]) contain the tensor x and, hence, in the absence of scalar-pseudoscalar sources 
the basis of 0(p^) operators can be simplified through the relation 

1 







050 + 0, 



51 



052 -^053 + ^055 - 056 + 2057 



:0 



"2070 + 2^'^2 + 073 



-076 + 2^78 — 2^'^^ 



59 



088 - 0. 



90 



(62) 



Therefore, when one describes QCD matrix elements in the chiral limit without scalar- 
pseudoscalar sources — as we do in the present article — the number of independent operators 
is actually smaller than that one would naively assume. Thus, for instance, if one removes 
the operator Ogo from the minimal basis, we find that the only physical combinations of 
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0{p^) couplings one may determine in the x = case are 

C50 + C*90 ) C*51 + CgQ , C52 — C90 , C53 — ■^C'gO ) C'sS + 2^90 ) 

C56 ~ C*90 J C's? + 2Cgo , C59 — 2^*90 7 C*70 ~ ^^90 ; ^72 + ^^90 ; 

C73 + C90 , C76 — ^Cqo , C78 + ^Cgo , C79 — 2^*90 , Cs8 — CgQ , (63) 

and the remaining couphngs not hsted in (16T]) . We want to remark that our analysis of the 
C(p^) operators in the absence of scalar-pseudoscalar sources is not exhaustive, and more 
relations might be found, allowing a further reduction of the 0{p^) basis. 

There are combinations of couplings where the sums over the resonances can be elimi- 
nated. In particular, in the comparison with the phenomenology there are a few relations 
of interest: 

3C3 + C4 = Ci + 4C3 , 

2C78 — 46*87 + Cs8 = , 
8C53 + 8C55 + C56 + C57 + 26*59 ~ 



2567rV^ 



C56 + C57 + 2C59 — — 2 ' 

8C53 — 8C55 + C56 + C57 — 2C59 + 4C78 + 86*87 — 46*88 = , 
6*56 + 6*57 - 2659 -4^78 = 0. (64) 

The first relation is connected to the tctt scattering, and the combination of LECs in the 
second line yields the contribution to the axial-vector form factor to 717, 6*a(Q^), at 0{p^) 
in the chiral limit 6|]. Actually, this form factor vanishes identically in this class of models, 
G'a(<5^) = [23^. This is one example of those universal relations in these models, which will 
be studied further in the next section. The relation is not in serious conflict with experiments 
since the branching ratio of the relevant decay 7r+ — t- l^wf is suppressed by more than two 
orders of magnitude with respect to the dominant decay channel 7r+ — )■ yU+z/. At O(p^), it 
leads to the identity Lg + Lio = shown before. From the view of resonance exchanges, one 



finds that all the decay amplitudes a" — )■ 717 vanish [23|, I2J]. These decay amplitudes receive 



contributions from the {/'^"[u^, a"]) and (/^'^V^a") terms in the resonance Lagrangian ([30 



which have the .a,ne couphng and cancel exactly w.th each othe. Actually, in the 

original hidden local symmetry model with the lightest resonance multiplets [72[, no ai — )■ tt'j 
decay occurs. Moreover, in the holographic framework where a scalar field dual to the quark 

23 



condensate is introduced, these amplitudes also vanish [26|. Experimentally the partial 
width if ai — > n'j is very small compared to the total width, so it is suppo sed to be induced 



18 



23 



24 



26|. 



by some higher derivative terms or 1/Nc suppressed terms 

The other relations are connected to the photon-photon collision. For the 77 — )■ 7r°7r° 
process, the following quantities are introduced |73| : 



,00 



2567r4(8C53 + 8C55 + C56 + C57 + 2C59) 



r = -1287r^(C56 + C57 + 2C59). 

For 77 — )■ TT+vr" a similar set of quantities are defined [tJ]: 

at- = 2567r^(8a53 - 8C55 + C56 + C57 - 2C59 + ^Crs + 8^87 - 4C. 



(65) 



-1287r4(C56 + C57-2C59-4C. 



78 J 



(66) 



We have assumed the large-iVr; limit to express the SU(2) definitions of the low-energy 
parameters a^^'^ and 6°"'+" 73|, l74| in terms of SU{3) chiral couplings. Taking into account 



these definitions, our relations simply predict: 



N'c, 



0, 



(,00 



6 

= 0. 



(67) 



A simple explanation can be found for these results. From the previous discussion we know 
that there is no a"7r7 interaction. One can also check that the f "77 interaction vanishes due 
to the special group structure from the (Z+'^V^f ") term. As a result, the only contribution to 
77 7r°7r° at C(/) comes from the vector resonance exchanges in the crossed channels with 
two odd vertices, which turns out to be universal, i.e., independent of the 5D background. 
For 77 — !■ vr"*"??" even this kind of diagram does not exist, so that and 6^ vanish. 
It will be interesting to calculate the corresponding amplitudes, to see if these properties 
remain. More relations among the other constants seem to hold, and this requires further 
investigation. 

In Tab. |VT] we list the numerical results in different models, and isolate the odd-sector 
contributions, which are not negligible for some LECs and are sometimes even dominant. 
The different models provide similar results, up to a variation of the order of ±1-10~'^ GeV~^. 
One must be aware that when we perform a tree-level estimate of the renormalized chiral 
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couplings we cannot specify at what renormalization scale /i they correspond, and a deviation 
of that order of magnitude might occur as one has the running 



dln/i^ 



327r" 



(68) 



with 



327r2 



2T 



(1) 



^ 1 ■ 10-3 GeV-2 flle]. 
In Tables I VI II IVIIII and IIXI we compare our results from the "Cosh" model with the 
outcomes from other frameworks. In general, the different works constrain particular com- 
binations of LECs through the analysis of various matrix elements. Some determinations 
consider the 0{p^) determination of the amplitudes and extract the couplings directly from 



the experimental data: tctt and ttK scattering 
correlator 



11 



imants 




75|, TTTT VFF |76| an the VV - AA 



10| . Many authors were able to compute these LECs through rational 
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57 



67 



tqI, 



71 



73 



75 



77 



approx- 
and 



For the study 



13IJ , large-Nc resonance estimates 0, [ill, 
resonance determinations at NLO in the I/Nq expansion 
the VAP, the VV — AA, the SS — PP Green's functions and the scalar and vector form 
factors in R^T, we have used the inputs nip = 0.776 GeV, = 1.26 GeV, 171^,1 = 1.3 GeV 



80| of 



is able to determine all 



Conversely, the analysis through the Dyson-Schwinger equation |l6| 
the LECs (Table IXl). 

In Tables IVIII and IVIIII we show the results for particular combinations of the LECs 
that contribute directly to some processes. Here, some of these estimates have been ex- 

0,153, 73-75, 78, E, 83| under the assumption that the l/Nc- 



tracted from SU (2) analyses 
suppressed loop corrections are neglected in the relation between the SU{3) and SU{2) LECs 
at large Nc- One can see that some of the couplings (Css — C'go, 2C78 — 4C87 + Css, C's?, 
C78 + I C'go, C'sg, C93) are in relatively fair agreement. These are related with amplitudes 
with a small number of external legs, which might be dominated by the lightest vector and 
axial-vector mesons. For those related to the tttt — t- tttt and 77 — )■ vrvr scattering, the agree- 
ment is a little worse, but still reasonable taking into account possible sub-leading differences 
between the physical and the large-A^^c values of the chiral couplings. 

In Table HXl we compare our results for individual LECs from the "Cosh" model to those 
from the DSE approach [ifl. For most couplings one finds a reasonable agreement, although 
for a few others there are larger deviations. In some cases, the discrepancy can be attributed 
to the odd-odd contributions mentioned before. Adding these contributions to the results 
from the DSE approach, many couphngs, e.g., C42, C46, C47, C52, C53 and C56, agree much 
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Odd contrib. 


flat 


"Cosh" 


Hard-wall 


Sakai-Sugimoto 


Ci 


— 


0.5 


-0.3 


-0.9 


-1.9 


C3 


— 


0.1 


0.3 


0.4 


0.7 


C4 


— 


0.6 





-0.5 


-1.2 


C40 


— 


-0.5 


0.2 


0.8 


1.8 


C42 


2.6 


1.9 


2.2 


2.5 


3.0 


C44 


-5.2 


-4.1 


-5.5 


-6.6 


-8.7 


C46 


-2.6 


-2.8 


-3.2 


-3.5 


-4.0 


C47 


5.2 


5.5 


6.2 


6.8 


7.8 


C48 


6.4 


5.6 


5.8 


5.9 


6.2 


C50 + Cgo 


12.7 


17.4 


19.1 


20.2 


22.2 


C51 + C'go 


— 


3.1 


5.2 


6.7 


9.2 


C52 — C'go 


-6.4 


-10.6 


-11.6 


-12.1 


-13.1 


C53 — 5^90 


4.0 


-5.6 


-8.8 


-10.5 


-13.4 


C55 + ^C'qo 
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TABLE VI: Numerical results for the 0{p^) low-energy constants of the even sector from different 
holographic models. All the results are in unitg^f 10~^ GeV~^. In the second column we provide 
the contribution from the odd-parity resonance sector. 
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TABLE VII: Comparison of our results from the the "Cosh" model for some particular combinations 
of the 0{p^) LECs in the even sector, with those from other approaches. All the results are in 
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units of 10-3 GeV^^ The xPT and resonance determinations [a, 
5C3 ± 7C4) stem from the SU{2) combination of couplings under the assumption that the loop 
correction ~1/Nc suppressed- is neglected in the relation between SU(3) and SU{2) couplings at 
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derives from the SU{2) parameter r^. 
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TABLE VIII: Comparison of our results from the the "Cosh" model for some particular combina- 
tions of the 0{p^) LECs in the even sector, with those from other approaches. All the results are in 
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based on resonance estimates, were 



units of 10-3 GeV"^. The 77 — )• TTvr determinations 
extracted from the SU{2) parameters 03 and 6^ under the assumption that the {l/Nc suppressed) 
loop corrections are neglected in the relation befween SU{2) and 5C/(3) couplings at large Nq- 
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TABLE IX: Comparison of our results for 0{p^) LECs of the even sector from the "Cosh" model 
and those from DSE [16]. The chiral couphngs are in units of 10^^ GeV~^. 



better with ours. Some of the others are pushed towards our results, hke C44 and C50. Still, 
there are large differences for a few couplings, the most serious ones being C51, C74 and Cjq. 

There are other possible contributions that may be responsible of the deviations. First, 
one should keep in mind that the present models include only the spin-1 resonance contri- 
butions, and that scalar mesons may play an important role in scattering processes. Second, 
our effective holographic action in principle could also accommodate operators of even higher 
dimension, e.g., of the type (J-a/a?)^, that would modify the LECs related to processes with 
a larger number of external legs. These higher dimension terms can appear from the low 
energy expansion of the Dirac-Born-Infeld action 
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IV. RELATIONS BETWEEN ODD AND EVEN AMPLITUDES 



Green's function relation: the LR versus the VVA correlator 



The relations between the anomalous 0{p^) constants and the 0{p^) constants in the 
even sector indicate possible relations between correlation functions or form factors in this 
class of models. One example is the Son-Yamamoto relation between the transverse triangle 
structure function wt{Q^) and the left-right correlator [28|. Exphcitly, wt{Q^) is defined as 
the transverse part of the correlation function of the vector current and the axial current in 
a weak electromagnetic background field F^y-. 



t / d^xe^'^^(j«(x)jf (0))^ 



57r- 



(69) 



where = —q"^, a and b are flavor indices and d"'^ = (l/2)tr(Q{t°, t^}) with Q being the 
electric charge matrix, and P"-*" = tj'^ — <in<f /(f and P/j*" = q^q'^ /q^ are the transverse and 
longitudinal projection tensors. 

With the bulk-to-boundary propagators introduced before, wt-, Hy and 11^ can be ex- 
pressed in the holographic models as 

1 



ny(Q') 
nA(Q') 



20 



dzA{Q,z)d,V{Q,z) 



^-f{z)V{Q,z)d-,V{Q,z)\T=tll 
^j\z)A{Q,z)d-.A{Q,z)\lZtZ. 



Taking into account that V{Q, z) and A{Q, z) are two in dep endent solutions of eq. 
different boundary conditions, one obtains the relation 



(70) 
(71) 
(72) 
with 

(73) 



Taking the — )■ limit on both sides, one gets the relation between and Lio consistent 
with our result (15^ . Recent studies concerning the inclusion of the power corrections to the 
relation can be found in refs. 
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35|. 



B. Form factor relation: 7* — vrvr versus vr" 



77 



Now let us study more the relatioii 
to the anomalous 7r7*7* form factor 



EID between and Lg. Since is also related 



and Lg to the vector form factor of the pion 



30 



is natural to ask if there is some relation between these two form factors. Actually, it has 



40 



been pointed out that in two specific models they are equal up to normalization 
We show that the relation is universal in the class of models considered here. The vector 
form factor F^^IQ"^) is defined as 



(74) 



with j™ = q'jfj.Qq the electromagnetic current (Q t 



le charge operator), and 



■{P2 



PiY- Holographically, it has been derived in ref. j23| (see also |40|), and in our notation is 
given by 



2/.^ J-.0 9\z. 



-V{Q,z){l-^t,)dz 



20 



J -K J —20 

The anomalous 717*7* form factor is defined by 



(75) 



(76) 



d'x e-^^^^(7r,p|T{J^MW'/EM(0)}|0) 

= e'^^'^'^gi 0^2/3 -^7*7*770 (Qi,Q2) ■> 
where gi, g2 are the momenta of photons, and 2 = ~Q\,2- For real photons 

J'rr^o (0,0) = ^^ 

reproduces the anomaly in QCD. From the holographic approach, the form factor was derived 
in ref. 40| in the hard wall, and the expression for a general background is 



(77) 



-?>*7*7r(Ql, Q2) ~ 247r^/ J 



ViQ,,z)ViQ2,z)f,iz)dz. 



(78) 



Taking the limit Qf = Ql = one recovers the value in eq. 0771) . As shown in ref. [40|], this 
confirms the choice of the coefficient of the CS term in the action. Employing the equation 
of motion for ipo{z), one finds 

Nc 



•F 7*7*7r(Q ) 0) 



(79) 



Taking the slope at = on both sides, one obtains the relation between and Lg in 
eq. iH). 
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In the previous section we have shown that the results for the LECs do not sensibly 
depend on the details of the different models. However, for the form factors, the results 
from different models can differ from each other, especially in the high momentum region. 
Depending on the asymptotic metric in the UV, the form factor exhibits different power 
behavior when Q"^ — )• oo. For 0), the explicit high-energy power structure in 

different models is analyzed in ref. [89j]. In Fig. [2] and Fig. [3] we show the numerical results 
of both the form factors in the relation fl79|) for the four different models, together with the 
available experimental data ^. From the figures one clearly finds the different power behavior 
of each model. To reproduce the observed l/Q^ behavior for the form factors, the models 
need to be asymptotically AdS in the UV, and this is the case of the Cosh and hard wall 
models. In such models, one can simplify the metric functions in the UV region by using 
the Poincare coordinates 

f\u) = l/g\u)^l/glu, u^Q. (80) 
Following the procedure in ref. |9l|, one finds the large-Q^ behavior of the form factors 40 1 



:F.m ^ •^rr.(g^ 0) ^ (81) 



The relation f[79|) between the two form factors dictates that the leading-power coefficients 
are proportional to each other. However, new experimental data for the vector form factor 
in the large momentum region are needed to confirm this. It is worth mentioning that, if the 
5D coupling is fixed through the comparison with the perturbative logarithmic term of the 
vector correlator, g^ = 2A7r'^ /Nc [3], then the above asymptotic behavior of J-''^,*j*n{Q^ , 0) is 
the same as the perturbative result j92[j9^. With this, the vector form factor has the high 
energy behavior Q^T^{Q^) Stt^/^ Q- 



C. Form factor relation: A — vrvrvr versus vr — AA 

One may speculate whether there is a similar relation between the form factors involving 
the axial- vector source, based on eq. (!55|) . In addition to the one-resonance terms (!29|) and 



^ For a review and references of the 777*7* form factor, please see ref. [9o| . 
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FIG. 2: Vector form factor J-niQ"^) from the fiat, Cosh, hard wall and Sakai-Sugimoto models, 

denoted by the dotted, solid, dashed and dash- dotted lines, respectively. The experimental data are 
from ref. Iq}] (diamonds) and ref. ^Qtj (triangles). 

(I5U]) . we need the operators with two resonance fields: 



S- 



YM 



2— res. 



S, 



cs 



2-res. 



^ga-a^e'^""^ /t^'x V«a^}) + ... (82) 

OTT 7 



where the dots stand for operators which are not relevant for the calculation of the vr — )■ AA 
and A — )■ tttttt form factors. The resonance couplings are given by the 5D integrals 

J -zo 9 [z) 

/ZQ 
dz ^poiz) 1p2n{.z) ^2miz) , (83) 
-zo 

(84) 
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FIG. 3: Anomalous ttj*^* form factor from the fiat, Cosh, hard wall and Sakai- 
with the same notation as in fig. [3 The experimental data are from CLEO 
BABAR [98] (squares) and BELLE collahoration[99] (diamonds). 



Sugimoto models, 



91] (tri- angles). 



A detailed calculation of the resonance couplings from the CS term can be found in ref. 100 1. 



1. Odd- sector form factor: vr — )• AA 



In parallel with the pion-photon transition form factor, we can relate to the form 
factor involving two axial- vector sources: 



< 'T^%p)\T{jf{x)]l\Q)}\Q > e-^'?i^d^a; 

^ j^abc ^ n B -r 



(85) 



with p = qi + q2, Qi = —Qi, Qi — ~Q2- Here we are considering the axial current j 



5a 



g7^75t"g with the generator in U{Nf), D = 2Ti ({t"',t }t'^) is the corresponding fully 
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symmetric tensor. At low-energies, this form factor is given in xPT by the expression 

:F.aa{.QI g^) = 1 + ^^^^^ {Q\ + Ql) + 0{E') , (86) 

where higher order corrections are in the 0{E'^) term. Computing the local diagrams from 
the WZW term and the one and two axial- vector resonance exchanges one gets: 



J^-KAAiQi,Ql) = 1 - 



where Canam = —jCanam — \caman. If one sets to zero the squared momentum of one of 
the axial-vector sources, the tt — > AA form factor becomes 



2 



^...(Q^ 0) = 1 - 5: . (88) 

n a ^ 

In the holographic approach, following the same procedure as the 717*7* form factor, we 
can express this form factor through the bulk-to-boundary propagator A{Q, z) 



As 



J'.AAiQl QD^I I A{Qi, z)A{Q2, z)^'o{z)dz. (89) 
^ -'-20 



2. Even-sector form factor: A tttttt 

In the YM part, in parallel with the vector form factor, we can define the form factor 
involving an axial-vector source and three pions 

<7r"(pi)7r''(p2)7r^(p3)|u?|0> 

= /^7"'^ P;:^{q)[MQ\s,t){Pi-P3)^ + MQ\s,t){P2-P3U + {a^ c), (90) 

where q = P1+P2+P3, Pa^io) = - laQ^ / <f ^ = -<f: s = (pi+Ps)"^, t = {P2+P3Y, and 
we also use u = {pi + P2Y ^ which obeys the Mandclstam relation s + t + u = (the light 
pseudo-scalars are masslcss in the chiral limit considered all along this article). Due to Bose 
symmetry, the two form factors J^i and are related through J^i((5^,s,i) = J^2{Q^ ,t, s). 
At large distances, xPT yields the amplitude 



1 ^ 2L9g^ 16Li{u + t-s/2) 

1 72 72 + ^(-^ ) 

Jtt J tt 
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(91) 



In the limit s,t — )■ (i.e., P3 — )■ 0), hence u — )■ g^, this expression becomes: 



1 + + o(,^) 



f 



(92) 



The extraction of the form factor through the 5D action turns out to be difficult. In- 
stead, we choose to work in the 4D picture and include all the contributions diagram by 
diagram. Summing up the diagrams with only Goldstones, one-resonance and two-resonance 
exchanges, we obtain: 

2 



3/. 



2Lg _ 16Li(m + t- s/2) sr^ aAa^ha^^i q^{u + t- s/2) 



J TT J 'K ^ J TT 



m^n - s 



m„„ — t 



+ 



{<os + u + 2t)s _ {s-u)t \ _ 3bl„^^ {u + t)s 



m^n - s 



s{2u + t) t{s-u) 
2 2 I 2 ' 2 7 



(93) 



In the kinematic configuration s = t = the contribution from diagrams where two of the 
Goldstones are produced through an intermediate vector resonance vanishes. Thus, the form 
factor is greatly simplified into 



:^i(<9',o,o) 



3/. 



1 + 



2q' (L9 - 8Li] 

J TT 



E 



2f: mi„ - q' 



(94) 



It is interesting to observe that, in the case when the resonance summations in the sum rules 
in eq. f p8|) are convergent, the dominant high-energy power behavior is given by 

,2 



:^i(<3',o,o) 



3/. 



71 ( — 32Li — ^ a^an6a"7r3 j 



+ 



(95) 



where the dots stand for contributions that vanish at high energies. A closer look at the 



sum rules ( l38i) leads to the prediction J^i(Q^,0,0) 



g — >oo 



0. This short-distance condition 



can serve to further constrain the A >■ tttttt amplitude in the case when only the lightest 
resonances are taken into account 
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39|. 



The form factor can be rewritten in terms of the bulk-to-boundary propagators and the 
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Green's function G{Q'^; z, z') provided in (fT8l) : 



J^i{Q',s,t) = — + —{Qs + 3u + t) 



1 / , . ,.^MQ' 



—Lg{3s + 3u + t) + —{u + t-s/2) ^2 

s - n)Ti(-t) - -^(8« - t)T,{-s) - ^{s - u)T2{Q\ -t) (96) 



with 



-20 

^1 = / / Tr\ WT\ — tG[-t,z,z ) dzdz 

and the vector form factor. Since the final result for the form factor involves only those 
5D quantities, it seems possible to derive it directly from the original YM action: this is still 
under investigation. In the kinematical limit s,t — )■ this expression becomes: 

1 



^i(Q',0,0) = 



1 - :^MQ 



3. Comparison of anomalous and even-sector form factors 



(98) 



By means of the equation of motion for the bulk-to-boundary propagator A{Q,z), one 
can also express the anomalous form factor (jHlD in terms of the previously defined function 
J-o(Q^). Hence, independently of the precise details of the models, one finds the relation: 

J•l(Q^O,0) = Aj-^^^(g2^o). (99) 

This constitutes the generalization of the relation = g^iji (Lg — SLi) in eq. fl55l) between 
the odd-sector 0{p^) LEG and the even-sector C(p^) chiral couplings Li and Lg. Indeed, 
as a final check, if one studies fl99|) at low energies with the help of their xPT expansions fl86|) 
and fl92p . one recovers the relation fl55p . In Fig. IHwe show the numerical results of the form 
factor J^TtAAiQ"^, 0) in different models. One finds that the asymptotic behavior is similar to 
the corresponding one for the 7177* form factor. 

From eqs. ( 145|) - (!53|) one might speculate the possible existence of more relations of this 
kind between even and odd-sector amplitudes. This will be the subject of future studies. 
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FIG. 4: Results for the ttAA transition form factor in the flat (dotted), Cosh (solid), hard 
wall (dashed) and Sakai-Sugimoto (dash-dotted) models. 

V. CONCLUSIONS 

We have performed an exhaustive study of the 0{p^) LECs for the 5D holographic theories 
which implement chiral symmetry breaking through different boundary conditions in the 
infrared. The five-dimensional action was given by the Yang-Mills and the Chern-Simons 
terms. All the theoretical relations are determined for general backgrounds f'^{z) and g 



Only for the numerical results we specified the precise expressions for such functions, Avhich 



were taken from four models: "fiat" background [18||, "Cosh" model |18j, hard- wall [23|] and 



the Sakai-Sugimoto model 



22 



24|. We found that the outcome for the LECs was stable, 
with a weak dependence on the background. We considered the results from the "Cosh" 
model as our best estimate, since this model, among the four studied ones, better matches 
the experimental p(770) mass and pion decay constant in addition to the perturbative QCD 
log coefficient in the VV correlator. Remarkably, this model reproduces fairly well the new 
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experimental data for the vr^ — )■ 77* transition form factor. 

As a previous step, we worked out several resonance sum rules which became essential 
for the relations between the odd-parity and even LEC's derived later. Likewise, some of 



these sum rules were employed in the form 
we derived for rederived in some cases 23, 



actor analysis. For the sake of completeness. 



24| ) all the sum rules we could, regardless of 



whether we used them in our later study. As many of these sum rules are used in hadronic 
phenomenology to fix the resonance parameters, we checked and found that, in general, the 
lowest meson exchanges provide the dominant contributions. The only exception was the 
sum rules related to the VV — AA correlator, which are divergent due to the meson mass 
behavior m^„ ~ in this kind of holographic models. 

We have computed the 0{p^) chiral couplings by integrating out the heavy resonances 
in the generating functional. In the odd-parity sector, we were able to express all the odd 
0{p^) LECs in terms of even-sector C(p^) couplings Li and Lg, and the 5D integral Z, 
which can be also defined from a sum rule. In particular, we recovered the LEG relation 
= — 32^2^2 Lio 36 1 tha t stems from the Son-Yamamoto relation between the LR and 
AVV Green's functions [28] . These relations are general for the type of holographic theories 
considered here, and do not depend on the details of the functions f^{z) and g'^{z) that spec- 
ify the model. At the numerical level, the outcomes were found to be fairly stable, suffering 
little variation between the various holographic models studied here. Not much is known 
about the LEGs of the odd-parity sector: we have compared our holographic determinations 
to those from other approaches (DSE, 0{p^) xPT phenomenological analyses, resonance 
estimates and rational approximations). In general we have found a reasonable agreement, 
considering that subleading 1/Nc corrections are not taken into account in the holographic 
approach and that there is an inherent uncertainty on the renormalization scale fi at which 
our laige-Nc determinations correspond. We also tested a theoretical relation (l56l) derived 
from Resonance Ghiral Theory 62], which was pretty well satisfied by the lightest resonance 
multiplets. 

The 0{p^) even-parity LEGs have also been determined. Since our framework does not 
include scalar-pseudoscalar sources we obtained predictions only for the xPT operators 
without X- Indeed, in the x = limit the basis of 0{p^) operators in the chiral action can 
be further simplified, and we chose to eliminate the operator referred by Cgo- We have also 
found some relations between 0{p^) couplings in the even-parity sector. In particular, those 
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combinations of LECs related to the axial-vector form factor in the P — )■ iiyy decay and 
to the 77 —7- 7171 collision either vanish or can be expressed in terms of just /jr, indepen- 
dently of the holographic theory at hand. There is a wider phenomenology on the 0{p^) 
couplings of the even sector. Nonetheless, most of them remain essentially unknown. The 
agreement with former results (DSE, 0{p^) xPT determinations, resonance estimates and 
rational approximations) is reasonably good. Apart from a DSE analysis, which was able 
to provide the full set of LECs [l6^, there are no other approaches to compare most of our 
chiral coupling estimates with. The larger disagreements are found for the couplings that 
receive contributions from two odd-parity resonance couplings. Taking these contributions 
into account, one finds a better agreement with the corresponding DSE outcomes. In other 
few cases, the disagreement cannot be explained in this way, however, the corresponding 
couplings are related to processes with a high number of external legs. In string construc- 
tions, it has been argued about the possible presence of cubic, (J-'mn)^, and higher terms in 
the 5D action which would modify the value of those LECs. Likewise, scalar resonances are 
absent in our approach, and they may play a role in some LECs. 

Some of the relations we have just found among couplings of different parity xPT La- 
grangians are the consequence of relations between QCD amplitudes of the anomalous and 
even-parity sectors. The original motivation for this work was the relation found by Son and 



Yamamoto between the LR and AVV Green's functions [28|. We found that, for any type of 
background, the tttt vector form factor and the vr — > 77* transition form factor are identical 
for any energy up to a known overall normalization, as it was already hinted in previous 



works 
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91| . At large momentum, this relation dictates that the leading-power coefficients 



are proportional to each other, which can be experimentally checked. In the last section we 
studied the pion transition into two axial-vector currents and the axial-vector form factor 
into three pions. We found a relation between them for a particular kinematical configura- 
tion. In addition, we showed how this and the previous amplitudes could be rewritten from 
the 4D picture (with an infinite number of resonance exchanges) into a holographic form (in 
terms of bulk-to-boundary propagators). However, in the case of the TTTrvr AFF, with four 
external legs, one also needs to include the contributions with bulk-to-bulk Green's function 
propagators connecting two points in the bulk z and z'. All these amplitude relations, when 
taken to the low energy limit and compared at each chiral order, reproduce the relations be- 
tween the odd and even-parity LECs we derived through the generating functional, serving 
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as a double-check of our chiral coupling determinations. 

The study of other consequences of some of the relations obtained here both in the odd 
and even sectors of QCD, e.g., those in the P — )■ Ivy decay or the 77 — t- tttt scattering, 
requires new dedicated analyses. Moreover, new experimental data on the various form 
factors, in particular at high energies, would definitely help to discern the most appropriate 
version among the various holographic models, in the search of a precise dual formulation 
of QCD. 
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Appendix A: Holographic models 

Four different holographic models have been studied in the present paper, among them 
the "Cosh" and "hard wall" background are asymptotically AdS in the UV. In all these 
models there are two parameters, the 5D gauge coupling (75, and the energy scale A (or z^^). 
We fix them in a unified way through the p meson mass ntp = 0.776 GeV and the pion decay 
constant /^r = 0.087 GeV. Therefore, the results for differ from that fixed through the 



high-energy vector correlator in asymptotically AdS models, which gives = 247t'^/Nc 18 |. 
In the non-AdS models, one is able to fix it in this way because the perturbative QCD 
logarithm is not recovered. 
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1. "Flat" background 

The model is specified by 

f{z)=A'/gl g\z)=gl zo = l. 
The pion decay constant, meson masses, wave functions and couphngs are given 
V{Q,z) 



cosh(Qz/A) sinh(g2;/A) 
A{Q, z) 



f 

J TV 



cosh(Q/A) ' ' sinh(Q/A) 

2A2 

ipoiz) = z, 



^ n\ V^„(^) = (-l)"-i^5sin(— (z + 1) 



4 



2^75 



{2n - 1)7t'' 
(2n - 1)tt 



1 - 



2^?5 



(2n - 1)%2 



2. "Cosh" model 



The background functions are specified by 18 1 

f{z) = cosh\z)/gl g\z) = gl zo = oo. 
The various solutions and physical quantities are 

TT 



V{Q,z) = csc(z/7r)Vl -tanh^z[Pj(tanhz) + Pj(-tanhz)], 



A{Q,z) = ^csc(z/7r)\/l -tanh^;z[Pj(tanh;z) -Pj(-tanhz)], 
2A2 

fn = ^o(^) = tanhz, 

95 

= n{n + 1)A^, 
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where i/(z/ + 1) = —Q'^/Is?, and Pl{z) is the associate Legendre function. 



3. Hard-wall model 



In this case the functions P{z) and g'^{z) are given by 23 1 

1 



9 {z) = g^{zo - 1^1), zo < oo. 



(A6) 



It is more convenient to focus on the interval < z < zq, and use the coordinate z = zo — z. 
Then we have: 



V{QJ) = Q~z 

A{Q,~z) = Q~z 
4 



K^{Q~z)^h{Qz 



^.MQzo) 



hiQzo) _ 
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Zo\Jl{'yO,n)\ 
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z Ji {m^„z) 



95 



—^z Ji {maj) 



(A7) 



Zo [-^o(7l,n)^2(7l,n)] 

Here Kjyx\ /„(x) and J„(x) are Bessel functions, and ^n,m is the m*'* root of Jn{x). The 
couphngs avv^ , c^Aa" , c^" , Ca^ , d^" can be calculated from these wave functions. Since the 
integrals of the Bessel functions in the final results can not be further simplified, we do not 
list them individually. 



4. Sakai-Sugimoto model 



22 



The model is determined by 

AHl + z^ 



9l 



g\z)=gl{l + z'Y'\ z, = oo. 



(A8) 



In this model one only finds analytic results for the pion decay constant and the wave 
function ipQ-. 



4A^ 

2 ' 



arctan^r. 



TT 
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The quantities related to the resonances need to be calculated numerically, as done in 
ref. 22|. The results for the first two excitations are: 



m^i = 0.669 m^i = 1.57 
3.15 _ 3.20 

Oyi)! — ) «Aai — , 

95 95 

c„i = 0.415 5(5, Cai = 0.321 5(5 

4i = 0.0875 ^5. (A9) 



Appendix B: Son-Yamamoto relation at the one- loop level 

In this appendix we study the relation (173!) between wt and Ily — 11^, obtained by Son 
and Yamamoto [28], that we rewrite here: 



wAQ') = ^ + ^ ( TlviQ') - U^Q')) , (Bl) 

^ Tit 



35] . This relation was derived in the large- A^^c 



at the one-loop level, as proposed in ref. 
limit, i.e., for tree-level amplitudes. 

At low energies, the comparison of the leading terms in the xPT expansion of the l.h.s. 
and r.h.s. of eq. (IBll) yields a relation between the 0{p^) odd-parity coupling and the 



0{p'^) even-parity constant Liq [36|, corresponding to eq. (IMI) . that again we write: 



USn'f^C^, = -ANcL.o. (B2) 



The possible validity of this relation (IBll) at the one-loop level was studied in ref. 35| . 
where the AVV transition — )■ 77* was analyzed. Here refers to the generator for the 
axial- vector current. The Goldstone-loop contribution was computed in the two- flavor case 
including singlet sources, this is, in f/(2), with the electric charge operator Q = + |l = 
+ \'^^- Indeed, for nj = 2 the only non-zero flavor structures come from the components 
A^ V^V^* and A^ -> V^V^* in the A^ -> 77* transition. 

The leading one-loop contribution in the xPT expansion, i.e., in wt and 0{p'^) in 

11^ — 11^, was found to also fulfill the Son-Yamamoto relation ( ]B1[ 



jhence it was argued that 

this expression might be valid beyond large Nc-, at the loop level [35|. We have investigated 
whether the agreement between the one-loop corrections in (IBip is also valid at higher orders 
in the xPT expansion. In particular, we have looked at the one-loop correction (single log) 
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at 0{p^) in wt, NLO in its xPT expansion. We have also studied the effect of considering 
a higher number of hght quarks nj and different flavor decay structures A"" — )■ V^V^* . 



1. VV — AA correlator and A^ — )- 77* in U{2) 



Considering the VV 



A A correlator in the massless quark limit, we get 77 1 




ftV 2 127r2 



,2 



(B3) 



where the U{nf) singlet components do not play here any role. We present the results for 
an arbitrary number of light quarks, even though we focus on the nj = 2 case. We have 
used the nj = 3 notation Lg, Liq and Cgy for the 0{p'^) and 0{p^) LECs, regardless of the 
number of light flavors. 



where K represents the corresponding 0{p^) chiral low-energy constant. For the sake of 
generality, we have computed the matrix element wt with the flavor structure specifled above 
for a general number of light flavors, from where one can extract the expressions for the U{2) 
case. Notice that in addition to the single trace operator C^e'^'^"''^ {Uf^lV^ f^-y^, f+a/s}) at 
0{p^) one also needs to take into account the contribution from a double-trace operator 
Cvi^^^"^ {^'^ f+'yn) { f+vaUjs) foT Uf > 3 [45j , appearing only in the U{nf) theory. This 
coupling is 1/Nc suppressed with respect to C'^ and does not appear at large Nc- However, 
it is essential in order to renormalize the various A'^ — )■ V^V^* flavor structures. 

The last needed ingredient for the comparison with liy — is the value of the 0{p^) 
odd-parity LECs which multiply the logs in wt in terms of the 0{p'^) even-sector cou- 
plings. For holographic models where the chiral symmetry is broken through boundary 



For the transition A^ — )■ 77* with electric charge operator Q = + the xPT calcu- 
lation up to OijP") yields: 




xf ^In J- + 0(iV°) + O(g^), (B4) 
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18 



23 



24 



24| . we found the large- A^'c relations ( H5|) - (l55|) for the relevant 



couplings, producing the transverse amplitude: 
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J n 
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K - (L,~2L,) X !^J%\n^ + O(iVO) 
^ ^2 12n^ ^ ^' 



+ 0{q') . (B5) 



The comparison of this result and liy ~ in eq. ( ]B3|) shows that there is a disagreement 
at 0{p^) in the Son-Yamamoto relation, and that the agreement at 0{p^) is a coincidence. 



b\/-c * 



2. Comparison for fully non-singlet transitions — )• V V' 



Indeed, the agreement found in ref. 35| at the lowest chiral order only occurs for a 
particular choice of the flavor structure of vector and axial-vector currents. In the case 
when all the three currents are U{nf) non-singlets, one finds for the A"- — t- V^V^* transition 
the transverse structure function: 

,2 
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J TT 



UfN, 
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+ 0{q' 



(B6) 



to be compared to the expression which derives from the W — AA correlator. 
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for a general number of flavors nj. The result is also valid for n/ = 2, although in this case 
the overall group factor d"'^'^ in the amplitude is zero when all the a, 6, c are non-singlet. One 
can easily see that the leading one-loop logarithms of wt and Ily — 11^ do not match. This 
conclusion also comes from observing that the corresponding couplings entering at tree-level 



have different running 



45| 
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After the submission of the manuscript to the arXiv we became awa re that the lack of matching in 
SU{i) X SU{i) theory was also noticed by S. Peris and M. Knecht [101 1. 
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